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This paper presents production lot size inventory models for deteriorating items with time dependent quadratic
demand rate. It is assumed that the deterioration rate follows Weibull distribution. It is further assumed that the
holding cost is a linear function of time. Inventory models are developed without considering shortages. The salvage
value is considered while calculating the optimal policies that maximize the revenue of the system. Numerical example
is given and discussed the sensitivity of these models.
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1. Introduction

Operations Research (OR) addresses the process of decision making in business enterprises and industries. It is known that
the inventory management system is one of the important field of study in OR. The study of deteriorating items in inventory
system has gained the attention of many researchers in this area of research. The study of the inventory of deteriorating items
was opened up by within [1]. In his study, he discussed the deterioration of fashion goods at the end of prescribed storage
period. Ghare and Schrader [2] extended the classical EOQ formula with exponential decay of inventory due to deterioration
and gave a mathematical model of inventory of deteriorating items. The literature is replete with inventory models for
deteriorating items on the basis of demand variations and various other conditions or constraints.

One important problem faced in supply chain management in today’s context is to control the inventory for deteriorating
items. Usually deterioration is defined as the damage, spoilage, pilferage, dryness, vaporization, etc., that result in decrease of
usefulness of the original one. It is believed that goods deteriorate over time. The rate of deterioration depends on the type of
good. Electronic products may become absolute as technology changes. Fashion goods tend to depreciate the value of
clothing over time. The effect of time is even more critical for perishable goods such as food stuffs and cigarettes. The
decrease or loss of utility due to decay is usually a function of the on-hand inventory. In realistic terms, the product may be
understood to have life time which ends when utility reaches zero. Haiping and Wang [7] developed an economic policy
model for deteriorating items with time proportional demand. Donaldson [8] derived an analytical solution to the problems of
obtaining the optimal number of replenishments and the optimal replenishment times of an EOQ model with a linearly time
dependent demand pattern over a finite time horizon. Zangwill [9] developed a discrete-in-time dynamic programming
algorithm to solve an inventory model by allowing the inventory levels to be negative where the demand pattern is time
dependent. Following the approach of Donaldson [8], Murdeshwar [6] has tried to derive an exact solution for a finite horizon
inventory model to obtain the optimal number of replenishments, optimal replenishments times and the optimal times at
which the inventory level falls to Zero, assuming the demand rate to be linearly time dependent and shortages. Hamid [3],
Kun-Shan Wu et.al [5] presented a heuristic model for determining the ordering schedule when inventory items are subjects
to deterioration and demand changes linearly over time and obtained an optimal replenishment cycle length. Goswami and
Chaudhuri [2] presented an EOQ model deteriorating items with shortage and linear trend in demand. Brad Shaw and Erol [1]
published a paper in which they derived unbounded control policies for a class of linear time invariant production inventory
systems.

All these works were based on the assumption that the demand rate is either linear or exponential function of time. Several
researchers argued that, in realistic terms, the demand need not follow either linear or exponential trend. It is well known that
the demand for spare parts of new aero planes, computer chips of advanced computer machines, etc. increase very rapidly
while the demands for spares of the obsolete aero planes, computers etc. decrease very rapidly with time. This type of
phenomena can well be addressed by inventory models with quadratic demand rate [ie, D (t) = a + bt + ct
a20,b#0,c#0]. The functional form of time-dependent quadratic demand explains the accelerated (or retarded) growth

(or decline) in the demand patterns which may arise due to seasonal demand rate (Khanra and Chaudhuri [4]). One can
explain different types of realistic demand patterns depending on the signs of b and ¢. Bhandari and Sharma [5] have studied
a single period inventory problem with quadratic demand distribution under the influence of marketing policies. Khanra and
Chaudhuri [4] have discussed an order-level inventory problem with the demand rate represented by a continuous quadratic
function of time. Sana and Chaudhuri [6] have developed a stock-review inventory model for perishable items with uniform
replenishment rate and stock-dependent demand. Ghosh and Chaudhuri [7] have developed an inventory model for a
deteriorating item having an instantaneous supply, a quadratic time-varying demand and shortages in inventory. They have
used a two-parameter Weibull distribution to represent the time to deterioration. Venkateswarlu and Mohan [8] have
developed inventory models for deteriorating items with time dependent quadratic demand and salvage value. Venkateswarlu
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and Mohan [9] studied inventory model for time varying deterioration and price dependent quadratic demand with salvage
value. Venkateswarlu and Reddy [10] developed time dependent quadratic demand inventory model under inflation.
Venkateswarlu and Reddy [11] studied inventory models when the demand is time dependent quadratic demand and the delay
in payments is acceptable. Begum et al [25] developed an EOQ model with shortages for deteriorating items with Weibull
distribution and unit production cost with quadratic demand in time. They have further assumed that the production cost is
inversely proportional to the demand rate. Kalam et al [26] also developed a lot-size inventory model for deteriorating items
with Weibull distribution, quadratic demand and shortages.

Thus in this paper, it is proposed to develop inventory models for deteriorating items which follow Weibull distribution,
variable holding cost and time dependent quadratic demand rate. It is further assumed that the salvage value to optimize the
total revenue of the system. Numerical example is given to test the robustness of the model. Sensitivity analysis is carried out
to determine the most sensitive parameters in the model.

2. Assumptions and Notations
The demand rate is assumed to be D (¢). = a + b.t + c.t> , where a, b and ¢ being constants.
I(1) is the Inventory level at time ¢.
The lead-time is Zero and shortages are allowed.
Planning horizon is finite.

The production rate say K = ¥.D(t), where ¥ > 1.

S el

The fraction of the on-hand inventory deteriorates per unit time, where O(f)=ft A
O<a<Lt>land [21.

7. The production dominates demand and deterioration during the time 0 toZ, , and the
Inventory level accumulates.

8. There is no production during the time f, to 7, and demand and deterioration dominate
and so the inventory level gradually depletes to zero.

9. Holding cost is linear function of time A(¢) = a, +a,t, a, =0, a, =20.

10. by is the Deteriorating cost per unit time.

11. 7,is the salvage value, associated with deteriorated units during a cycle time.

12. S, is the selling price per unit.

13. T(=t, +1t,)is the prescribed time period.

3. Formulation and Solution of the Mathematical Model
The objective of the model is to determine the optimum profit for items having time dependent quadratic demand and the rate

of deterioration follows Weibull distribution. It is assumed that the production dominates demand and deterioration during the
time O tof, . Further it is assumed that there is no production during the time 7, to #, and demand and deterioration dominate,

so that the inventory level gradually depletes to zero at the end.
If I(?) be the inventory level at time t, the differential equations which describes the inventory level at time ¢ are given by

%+9(t).1(t):K—R(t), O<r<y, M
%+9(r).l(r)=—1{(t), f <1<t @)

Where K = 7.R(t), R(t) =a+b.t+ct? and 8(1) = afit?™
Our assumptions imply that

10) =0, I(t;) = Sand I(1,) = 0

3)
The solution of equation (1) with the condition /(0) = 0 is

2 3 B+1 B+2 B+3
1(1)= (7—1)-(1—a.tﬁ)(at+b§+”+(a)(at bt ct D o

+ +
3 p+1 B+2 pB+3
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Here the higher powers of a is neglected as the value is so small.

Now the solution of equation (2) is
2
s bt C.
1(t) (e‘” ): —(at + - +—+

where c¢; is a constant of integration.

(o

at[)’+l

biP*?

ct?s?

{

ﬂ+1+ﬂ+2+,6+3

D“Z

Since I(t;) =S when ¢ =¢; and I(t;) = 0, from equation (5), we have

B+1 B+1
S(+at? —at?)vals, -1+ %0 apr ot .t?
pg+1 p+1
B+2 B+2 2 B
Ity =| +b. l.(tf EPLIN ot a.p.t _att
2 B+2 28+2) 2
p+3 B+3 3.8
‘e l.(llg Y+ an” a.Bit”” ot
3 B +3 3(B+3) 3

Once again the higher powers of a is neglected.

The total cost (TC) is given by

TC=0C+IHC + DC-SV

where OC-ordering cost, IHC- holding cost, DC-deterioration cost and SV-salvage cost.

Now
1. The Ordering cost = A
2. Inventory holding cost per unit is given by

IHC = jh.l(r)dz

0

Th.l(t)dt

n

= J.h.l(t)dt +
0

Where

I I

J’(a1 +a,t).(t)dt = j(a1 +a,).(y-1

0 0

And

1, t,

[(a,+an.8@)dr = [ (g, +ay0).

n L

3.

The deterioration cost is given by

DC =b,. (7—1)I(a+b.t+c.t2)dt—
0

3

bt* cit
at + + -
3 dt
. aaft? +baﬂ.tﬁ*2 cofp 17+
B+1  2(f+2) 3(f+3)
p+1 B+1
at a.pit
alt, —t, +—2 by —at, 1’
p+1 p+1
i 1) -1 s at,”” apy’? atir’
2 L+2  2(f+2) 2
e ) -t s a1’ . aft”? ) ant’
3 B+3 3(B+3) 3
I(a+b.t+c.t2)dt]
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b c
= b](“~(7-t| -1,)+ 5(7112 -1, )+ g(?’fls -1, )j

4. Salvage value is given by

SV =y.CD
b
= 71-b1(a~(7~t1 - tz)"' 5(7112 - t22)+§(7-t13 - t23))

The Sales Revenue of the system is given by

h

b.t’ ct’® b.(tz—tz) C.(t3—t3)
:Sr-[(?’—l)[a-fﬁr21+3‘]+[a.(t2—t1)+ 22 A 23 !

Thus the Total Profit of the system is

SR = S,.[(y—l)j(a +bi+ct®)di+ [(a+bi+ c.tz)dtJ
0

P(tlstz) = [%)(SR —TC)

2 5 2 2 3 3
S,-[(V—l{a.l‘] +b'%+ C.;]]-F[a.(tz i)+ b.(t, 2— 1, )+ c.(1, 3_ ' )]J

1 f L)
?) A+.([(u]+u2t).1(t)dt +j(u]+u2t).S(t)dt

1
1

b
(. ).bl(a.(y.t, —t,)+ 5(7112 -1’ )+ %(7.2‘13 -1, )j

bt ot

-1) ar, + ——+ —

(r )[“‘ 2 3]
S ..

+[a.(t2 —t)+ bty =t,7) ety — 1, )] ®)

2 3

A+ f(al +a,t).I(t)dr + _f(al +a,1).8 (1)dt
0

t
1

+ (-7, )~b1(a~(7~t| —1,)+ %(7112 - t22)+ %(7113 - lzs)j

The optimum value of #; and #, are obtained by solving

d d
5 PU1) =0, 5= P(1,1,) =0

at, 2 ©)

The following conditions are necessary and sufficient to maximize the Total Profit P(#,,#,) per unit time

2 2
S5 P(1,1) <0 %P(rl,tz) <0

| 2 (10)
And

PR PR PR ’ 1
[atlzP(tl,tz)J(at;P(tl,tz)]—[atlatzP(tl,tz)] >0 (11)
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Using MATHCAD, the above equations (9) are solved for optimality.

4. Numerical Example
To test the validity of the model, the following values in suitable units, are assumed for various parameters in the model:

=001 =175 y=5a,=25a,=10b,=05a=250 b=10 =05 3,=3 A=250T =3 1, =0.5
,=12 8§ =5
The optimality conditions given by equations (10) and (11) are satisfied in all types of demand patterns (i.e., accelerated

growth, retarded growth, accelerated decline and retarded decline in demand models). Table-1 shows the results of various
models. It is observed that the behavior of these models is similar.

Table 1

Model 4 | & |P(t,t)
Accelerated Growth Model | 1.591{2.089| 900.695
Retarded Growth Model 1.574|2.063| 900.316
Accelerated Decline Model | 1.431]1.853| 888.532
Retarded Decline Model 1.443|1.870| 888911

5. Sensitivity Analysis

We now study sensitivity of the models developed to examine the implications of underestimating and overestimating the
parameters individually and all together on optimal value of total profit. The Sensitive analysis is performed by changing each
of the parameter by -50%, -20%, +20% and +50% taking one parameter at a time and keeping the remaining parameters are
unchanged and finally all parameters are considered. Since all models show similar results, we will present only the
sensitivity for accelerated growth model. The results are shown in Table-2. The following observations are made from this
table:

1. The profit function P (¢, t,) of the system increases (decreases) with an increase (decrease) in the values of the parameters
Y, a, b, ¢, by, v, and Sr while it decreases (increases) with increase (decrease) in the values of the parameters a, §, a; and
aj.

2. However, the profit P (¢, 1,) is highly sensitive to the changes in the values of the parameters y, a, and S,, moderately
sensitive to the changes in a;, a,, by and y; and slightly sensitive to the changes in the values of the parameters a, §, b and
C.

3. As expected, the increase (decrease) in the variable holding cost decreases (increases) in the value of the profit function
P(t, 1;) of the system.

4. Similarly the increase (decrease) in the salvage value increases (decrease) the profit of the system.

5. The profit function P (#, t,) of the system is highly sensitive to the changes in the values of all parameters taken together
in the model.

The variations of P (¢, t,) with respect to the values of some important parameters is shown in

Figure 1 the variations of P (¢, ) with respect to #, and t, are shown in Figure-2 and Figure.-3 respectively.
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Table 2 If a>0, b>0, c>0
% Change change%
parameter in t tr P
Parameter Pty Pty %P
50 1.601{2.095|900.412| 0.6285 | 0.2872 | -0.0314
20 1.595(2.091|900.582| 0.2514 | 0.0957 | -0.0125
* -20 1.588(2.086|900.808 | -0.1886 | -0.1436 | 0.0125
-50 1.582{2.0821900.978| -0.5657 | -0.3351 | 0.0314
50 1.605(2.094|900.512| 0.8799 | 0.2393 | -0.0203
20 1.596(2.091|900.608| 0.3143 | 0.0957 | -0.0097
P -20 1.587|2.086|900.805| -0.2514 | -0.1436 | 0.0122
-50 1.582(2.083|901.019| -0.5657 | -0.2872 | 0.0360
50 1.59 |2.087| 1454 | -0.0629 | -0.0957 | 61.4309
20 1.591{2.088| 1122 | 0.0000 | -0.0479 | 24.5705
v -20 1.592| 2.09 {679.249| 0.0629 | 0.0479 |-24.5861
-50 1.597|2.094|347.081| 0.3771 | 0.2393 [-61.4652
50 1.561{2.043| 1390 | -1.8856 | -2.2020 | 54.3253
20 1.576{2.066| 1096 | -0.9428 | -1.1010 | 21.6838
‘ -20 1.616(2.124|705.106| 1.5713 | 1.6754 |-21.7153
-50 1.696(2.243|411.722| 6.5996 | 7.3719 |-54.2884
50 1.636(2.154|903.641| 2.8284 | 3.1115 | 0.3271
20 1.609(2.114|901.873| 1.1314 | 1.1967 | 0.1308
b -20 1.574|2.064|899.517| -1.0685 | -1.1967 | -0.1308
-50 1.55 |2.028{897.749| -2.5770 | -2.9201 | -0.3271
50 1.596(2.095| 900.79 | 0.3143 | 0.2872 | 0.0105
c 20 1.593(2.091{900.733| 0.1257 | 0.0957 | 0.0042
-20 1.59 |2.086{900.657| -0.0629 | -0.1436 | -0.0042
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N

10.

11.

12.

-50 1.587|2.082| 900.6 |-0.2514 | -0.3351 | -0.0105
50 1.257|1.654|795.201{-20.9931{-20.8234|-11.7125
20 1.44211.895|858.498| -9.3652 | -9.2867 | -4.6849
-20 1.766(2.315|942.893| 10.9994 | 10.8186 | 4.6850
-50 2.083|2.727| 1006 |30.9239|30.5409 | 11.6915
50 1.386| 1.81 |875.648(-12.8850(-13.3557| -2.7809
20 1.497| 1.96 |890.676| -5.9082 | -6.1752 | -1.1124
-20 1.711)|2.253|910.714| 7.5424 | 7.8506 | 1.1124
-50 1.976|2.622|925.742| 24.1986 | 25.5146 | 2.7809
50 1.697(2.136|954.673| 6.6625 | 2.2499 | 5.9929
20 1.63412.108922.286| 2.7027 | 0.9095 | 2.3971

ai

a

b -20 1.54812.069|879.104| -2.7027 | -0.9574 | -2.3971
-50 1.482] 2.04 |846.717| -6.8510 | -2.3456 | -5.9929
50 1.74912.159|981.662| 9.9309 | 3.3509 | 8.9894
20 1.655(2.117|933.082| 4.0226 | 1.3404 | 3.5958
n -20 1.526| 2.06 |868.308| -4.0855 | -1.3882 | -3.5958
-50 1.427]2.015|819.729(-10.3080 | -3.5424 | -8.9893
50 2.16 (2.936| 1469 |35.7637 | 40.5457 | 63.0963
20 1.815|2.423| 1128 |14.0792 | 15.9885 | 25.2366
S -20 1.367|1.753|673.264 -14.0792 |-16.0843 | -25.2506
-50 1.022]1.229|332.118{-35.7637|-41.1680-63.1265
50 1.796|2.195| 3735 |12.8850 | 5.0742 |314.6798
All 20 1.665|2.124| 1717 | 4.6512 | 1.6754 | 90.6306

-20 1.521]2.057|392.202| -4.3997 | -1.5318 |-56.4556
-50 1.417|2.012| 23.872 |-10.9365| -3.6860 |-97.3496

6. Reference
A. Bradshaw, Y. Erol. “Control Policies for Production Inventory Systems with Bounded Input”. International Journal of
System Science, 11(1980):947-959.
Whitin, T.M. (1957). Theory of Inventory Management, 2" ed. Princeton NJ: Princeton University Press.
Ghare, P.M., Schrader, G.F. (1963). A model for an exponentially decaying inventory, Journal of Industrial Engineering,
Vol. 14, 238-243.
B. Hamid, “Replenishment Schedule for Deteriorating Items with Time Proportional Demand”. Journal of Operational
Research Society, 40(1989):75-81.
S. Khanra and K.S. Chaudhuri. (2003) ‘A note on order-level inventory model for a deteriorating item with time-
dependent quadratic demand’ Computers and Operations research, Vol.30, pp.1901-1916.
R.M. Bhandari and P.K. Sharma (2000) A single period inventory problem with quadratic demand distribution under the
influence of Market policies’, Eng. Science Vol. 12. No.2, pp. 117-127.
Shibshankar Sana and K.S.Chaudhary (2004). A Stock-Review EOQ Model with Stock-Dependent Demand, Quadratic
Deterioration Rate’, Advanced Modeling and Optimization, vol.6, No.2, pp 25-32.
S. K. Ghosh and K. S. Chaudhuri (2004). ‘An order- level inventory model for a deteriorating item with Weibull
Deterioration, Time-quadratic demand and shortages”, Advanced Modeling and Optimization,Vol.6, No.1, pp.21-35.
R.Venkateswarlu and R. Mohan (2011). Inventory Models for Deteriorating Items with Time Dependent Quadratic
Demand and Salvage Value, International Journal of Applied Mathematical Sciences,Vol.5,No.1-2, pp11-18.
R.Venkateswarlu and R. Mohan (2013). An Inventory Model for Time Varying Deterioration and Price Dependent
Quadratic Demand with Salvage Value, Indian Journal of Computational and Applied mathematics, Vol.1, No.1, pp21-
217.
R.Venkateswarlu and M.S. Reddy (2014a) Time Dependent Quadratic Demand Inventory Models Under Inflation,
Global Journal of Pure and Applied Mathematics, Volume 10, Number 1 (2014), pp. 77-85.
R.Venkateswarlu and M.S. Reddy (2014b) Time Dependent Quadratic Demand Inventory Models when Delay in
Payments is Acceptable, International Journal of Modern Engineering Research, Vol. 4(3), pp 60-71.



608

13.

14.

15.

16.

17.

18.

19.

Fourteenth AIMS International Conference on Management

K.S. Wu, L. Y. Ouyang, C.T. Yang, “An Optimal Replenishment Policy for Non-instantaneous Deteriorating Items with
Stock-dependent Demand and Partial backlogging”, International Journal of Production Economics, 101 (2006) :369-
384.

T.M. Murdeshwar, Inventory replenishment policy for linearly increasing demand considering shortages an optimal
solution. Journal of operational research society, 39(1988):687-692.

U. Haiping, H. wang, An Economic ordering policy model for deteriorating items with time proportional demand,
European Journal of operational research.46 (1990):21-27.

W.A. Donaldson, Inventory replenishment policy for a linear trend in demand an analytical solution. Operational
research Quaterly.28 (1977):663-670.

W.I. Zangwill, A deterministic multi period production scheduling model with backlogging. Management science, 13
(1966):105-119.

R. Begum, S.K. Sahu and R.R.Sahoo(2010), An EOQ Model for Deteriorating Items with Weibull Distribution
Deterioration, Unit Production Cost with Quadratic Demand and Shortages, Applied Mathematical Sciences, Vol.4,
No.6, 271-288.

A. Kalam, D. Samal , S.K Sahu and M. Mishra (2010), A Production Lot-size Inventory Model for Weibull Deteriorating
Item with Quadratic Demand, Quadratic Production and Shortages, Vol. 1, No. 1, January-June 2010, pp. 259-262.



